The Reach of Threshold-Corrected Dark QCD by Newstead, Jayden L. & TerBeek, Russell H.
The Reach of Threshold-Corrected Dark QCD
Jayden L. Newstead∗ and Russell H. TerBeek†
Department of Physics, Arizona State University, Tempe, AZ 85287-1504
(Dated: May 2014)
We consider a recently-proposed model which posits the existence of composite dark matter,
wherein dark “quarks” transforming as fundamentals under an SU(3)d gauge group undergo a
confining phase and form dark baryons. The model attempts to explain both the O(1) relic density
ratio, Ωdark/Ωbaryon ∼ 5.4, as well as the asymmetric production of both dark and baryonic matter
via leptogenesis. Though the solution of β functions for SU(3)c and SU(3)d constitutes the main
drive of the model, no threshold corrections were taken into account as the renormalization scale
crosses the mass threshold of the heavy new fields in the model. We extend this work by explicitly
calculating the threshold-corrected renormalization-group flow for the theory using an effective-field
matching technique. We find that the theory has a much wider range of applicability than previously
thought, and that a significant fraction of models (defined by the number of fields contained therein)
is able to account for the observed relic density.
I. INTRODUCTION
While the basic makeup of the Universe is well known,
only 5% is composed of known particles. The remain-
ing portion is 27% dark matter (DM) and 68% dark en-
ergy [1]; however, the labeling of these latter components
elucidates the extent of our understanding of them. We
know the DM exists because of its gravitational phenom-
ena, observed across a wide range of length scales, yet it
cannot be observed directly. The success of the standard
model (SM) of particle physics behooves us to attempt to
fit the DM into this paradigm. By necessity, the particles
which make up the DM must (at most) interact weakly
with the SM particles, or else experimental efforts to de-
tect them would have already been successful.
There are two core ideas for how the DM was produced
in the early universe. The dominant paradigm is that of
a thermally-produced weakly-interacting massive parti-
cle (WIMP). The WIMP miracle supposes that a par-
ticle of weak scale mass and interaction strength would
freeze out of the thermal bath and annihilate sufficiently
to leave behind the correct relic density. Since ordinary
matter has an observed baryon/anti-baryon asymmetry,
a more nuanced production mechanism is thus required
to account for this fact. Given the distinct origins of
the dark and ordinary matter, one has no reason to ex-
pect their densities to be of the same order of magnitude.
Herein lies the second paradigm: given the similarity of
the densities, it is not unreasonable to suppose that the
DM may have a common origin with ordinary matter. A
broad class of such models, known as asymmetric dark
matter (ADM) models, attempt to simultaneously solve
the baryon asymmetry problem while tying the abun-
dance of DM to that of ordinary matter (for a recent
review of ADM see [13, 15]). In doing so the dark sector
also becomes asymmetric; in some implementations, this
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is achieved by hiding the B−L charge in. In recent years
a plethora of mechanisms for generating a baryon and
dark matter asymmetry have been developed, e.g., co-
genesis [8, 11], darkogenesis [14], and hylogenesis [10].
More precisely, each mechanism ties the number-density
of DM and ordinary particles together, generally up to
an O(1) factor (this is not necessarily true in co-genesis
models). These models therefore require the DM particle
masses to be ∼ 1-10 GeV, but, they often offer no expla-
nation for why this scale should also be the same order
as the proton mass.
The scale of the proton mass is effectively set by the
QCD confinement scale; thus, in order to justify a com-
mensurate mass of the ADM particle, Bai and Schwaller
posited that there are related strong dynamics in the
dark sector [3]. In this scenario, the DM particle is the
lightest stable hadron of a new ‘dark’ SU(3) group which
is coupled to QCD above some scale M . This model
can explain the baryon asymmetry through a leptogensis
mechanism; to obtain the correct ratio of energy den-
sities, one must then have the dark confinement scale
ΛdQCD ∼ ΛQCD. This can be naturally achieved by de-
coupling the heavy bi-fundamental fields at some scale M
(of the terascale or beyond) and requiring this scale to be
at the infrared fixed point (IRFP) of both decoupled beta
functions. Below M only low-mass quarks transforming
fundamentally under either SU(3)c or SU(3)d influence
the running of the beta function. We do not attempt here
to re-derive the formalism employed in [3]; we refer the
interested reader to that paper for a detailed examina-
tion of the leptogenesis-induced baryogenesis mechanism
and further implications for LHC phenomenology.
In this paper we aim to extend the analysis of [3] by
including threshold corrections to the running of the beta
function. Utilizing the space of all possible models (char-
acterized by their field content and mass scale), we con-
strain the available parameter space by requiring the run-
ning of αc to fit the latest experimental data. We then
show that the conclusions of [3] are in fact one limit-
ing case of the dark-QCD concept, with a much broader
range of applicability.
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2II. TWO-LOOP β-FUNCTIONS
To the second order in the loop expansion, the β-
function for SU(3)c is given by
βc =
g3c
16pi2
[
4
3
T (Rf )(nfc +Ndnfj ) +
1
3
T (Rs)(nsc +Ndnsj )−
11
3
C2(Gc)
]
+
g5c
(16pi2)2
[(10
3
C2(Gc) + 2C2(Rf )
)
T (Rf )2(nfc +Ndnfj )
+
(
2
3
C2(Gc) + 4C2(Rs)
)
T (Rs)(nsc +Ndnsj )−
34
3
C22 (Gc))
]
+
g3cg
2
d
(16pi2)
[2C2(Rf )T (Rf )2Ndnfj + 4C2(Rs)T (Rs)Ndnsj ], (1)
with the analogous β-function for the dark coupling gd
obtained by swapping the indices c ↔ d. As in [3], the
group theory factors are included for complete generality,
but we ultimately want the matter fields to transform as
fundamentals under SU(N)c × SU(N)d for N = 3, and
the gauge fields to transform as adjoints. The trace over
generators in the fundamental representation is given by
T (Rf ) = T (Rs) = 1/2; the quadratic Casimirs of the
adjoint representation are C2(Gc,d) = Nc,d, and those of
the fundamental representation are C2(Rf ) = C2(Rs) =
(N2c,d − 1)/(2Nc,d).
III. METHODS
A given model is completely characterized by its field
content:
{nfc , nfc,h , nfd , nfj , nsc , nsd , nsj}, (2)
where the indices respectively enumerate the light col-
ored quarks (always 6, as in the Standard Model),
heavy colored quarks (transforming underSU(3)c just as
conventional quarks do, but with significantly higher
masses), dark quarks, bi-fundamental quarks, colored
scalars, dark scalars, and bi-fundamental scalars. Bi-
fundamental fields transform fundamentally under the
product group SU(3)c × SU(3)d, as the name sug-
gests. For clarity, we use the phrasing e.g. “the field
index nfd” rather than “the number of dark-fundamental
quarks nfd .” In order to populate all possible models for
analysis, we begin by solving the coupled β functions of
Eqn. (1) while setting all elements of Eqn. (2) to zero,
save nfc,h . We then determine the maximal field index
nmaxfc,h that would keep the one-loop term of Eqn. (1) neg-
ative; if this upper bound were exceeded, the resulting
theory could not reasonably be called QCD. Next, we
set nfc,h = 0, and vary nfj in likewise fashion. After
iterating through the possible index values of all fields
transforming non trivially under SU(3)c, we then switch
to βd and repeat the process with fields fundamental un-
der SU(3)d. This procedure creates approximately 32
million models for further study. Although they meet
the most minimal definition of an acceptable QCD-like
theory, further cuts are necessary in order to produce
models capable of a GeV-scale DM candidate. Next, we
require that the models satisfy:
1. βc,d ≤ 0 for all energies below the IRFP;
2. The value of the color fine structure constant (αc)
may not exceed the experimentally-observed value
measured at the highest energy scale currently
available; at the time of writing, the CMS col-
laboration has measured αc(896 GeV) = 0.0889 ±
0.0034 [6];
3. The value of the dark fine structure constant (αd)
may not exceed the Cornwall-Jackiw-Tomboulis
bound [9] of pi/4 when evaluated at the IRFP.
Upon applying this set of constraints, the number of can-
didate models reduces to 87,286. Given a set of models
with this minimal consistency, it is now possible to begin
applying matching conditions, as discussed in [7], from
the low-energy effective field theory (EFT) (in this case,
just the SM) to the full theory.
In MS-like renormalization schemes, the Appelquist-
Carazzone decoupling theorem [2] does not generally ap-
ply to quantities that do not represent physical observ-
ables; examples include coupling constants and β func-
tions in the absence of ultraviolet completions. This
means that heavy fields circulating in loops do not nec-
essarily decouple from such quantities at energies below
their mass scale. The solution is to use the EFT formal-
ism, as in [7], and elaborated in [4, 12]. In their origi-
nal studies, Chetyrkin et al. [7] considered, among other
things, the decoupling relations that result from integrat-
ing out a single quark flavor from an nf -flavor theory, and
requiring consistency with the resulting (nf − 1)-flavor
3EFT that accurately describes the dynamics at lower en-
ergies. This consistency condition is
αEFTc (µ0) = ζ
2
c αc(µ0), (3)
whereµ0 is the IRFP scale to be solved for, and the de-
coupling function for a single heavy quark flavor at one-
loop order is
ζ2c = 1−
αc(µ)
6pi
ln
(
µ2
M2
)
. (4)
The work of [7] extends to O(α3c); and at this order
in perturbation theory, one must take into account the
scheme-dependence of the decoupling function, for in-
stance in MS scheme vs. on-shell scheme. However, since
the β functions we use extend to two-loop order, it is only
consistent to consider threshold corrections at first or-
der in perturbation theory, and at this order all schemes
agree. Furthermore, since we are considering all heavy
fields to possess the same mass scale M , it follows that
Eqn. (4) ought to be replaced by
ζ2c = 1−
αc(µ)
6pi
[
nfc,h+Ndnfj+
1
4
(nsc+Ndns,j)
]
ln
(
µ2
M2
)
.
(5)
When Eqn. (3) is satisfied, one obtains information about
the ratio µ0/M , rather thanM itself. This fact stands in
contrast to [3], where, in the absence of threshold ef-
fects, the low-energy αc could be evolved directly up to
the fixed point determined by solving βc = βd = 0, and
the resulting energy scale could then be extracted. This
approximation uniquley determinesM for a given model.
However, when computing the full evolution of the strong
couplings to two-loop order and incorporating the neces-
sary threshold/decoupling effects, we find thatM is not
specified from first principles, and therefore one must
consider a continuum ofM values. When sampling the
range mtop ≤ M ≤ 100 TeV, we find that the solutions
obtained in [3] are limiting cases of composite DM mod-
els with a much broader range of applicability.
In this work, once we specify a model that meets
our previously-stated constraints, we randomly select
anM uniformly distributed along a logarithmic scale run-
ning from mtop (taken from [5]) to 100 TeV. This lower
limit is set by the non-detection of any novel, fundamen-
tal QCD states at energies less than or equal to the top
quark mass. Although the upper limit is arbitrary, the
distribution of models tends to peak around M ∼ a few
TeV (as seen in Fig. 2), and we find that pushing the
upper limit much further does not significantly alter the
proportion of models with GeV-scale DM candidates.
OnceM is fixed, µ0 may be uniquely determined. One
may then independently evolve gc, gd down from the de-
coupling scale to lower values. Whereas a detailed cal-
culation of the dynamics of chiral symmetry breaking
and the resulting hadronization would require a com-
prehensive lattice study, we follow [3] in adopting the
Cornwall-Jackiw-Tomboulis condition for chiral symme-
try breaking [9]: when αd(µ)C2(Rf ) = pi/3, or equiva-
lently αd(µ) = pi/4, the µ at which this occurs is identi-
fied with the chiral symmetry-breaking scale Λ. Working
with the low-energy QCD of the Standard Model, one
finds the relationship mp ≈ 1.5 Λ. We therefore apply the
same relation to learn the approximate dark proton mass,
md, from the chiral symmetry-breaking scale ΛdQCD of
dark QCD.
Given that the decoupling scale µ0 may now be some-
what lower than the scale M , one might inadvertently
modify the running of αc at observable scales. We thus
employ a χ2 test to restrict ourselves to models in which
measured values of αc are not greatly affected. Us-
ing data from CMS (the 31 highest energy data points
from [6]) we calculate the figure of merit
t = Σi
(xi − αc,i)2
σ2i
, (6)
where the xi represent the values of αc we obtain at the
energy scale of the ith measurement. The quantity t fol-
lows a χ2 distribution; using this, we calculate a p-value
and reject unsatisfactory models at the 95% confidence
level.
IV. RESULTS
After performing 20 iterations of the above test per
model, and indexing through all models that pass our
three criteria, we eventually narrow down the list of
candidate solutions from 87,286 to 16,859. It must be
noted that this refinement follows from the artificial up-
per bound of 100 TeV which we set on the universal
massM of all heavy fields. If the upper limit were to
be increased further, a model which did not make this
most recent cut would have a broader range of M values
from which to sample, and one could then find a µ0 sat-
isfying 0 < µ0 < M .
When we solve for the fixed-point couplings, α∗c,d, we
find that there is no correlation whatsoever between the
magnitude of the coupling and the precise distribution
of field content across the available indices. In fact, for
a given number of degrees of freedom N spread across
different possible field indices, α∗c,d takes on all values in
the allowed interval. Even though N and α∗ are unre-
lated, there is an argument for the ability of 100 TeV-
scale particles to influence GeV-scale physics. There exist
some models for which α∗c is very small, which necessar-
ily means that the coupling of the EFT must be evolved
to very large µ0 in order to meet it. So, to first order in
Eqn. (5), one sets αEFTc (µ0) = α
∗
c for very large µ0. To
next order, one must then satisfy
αEFTc (µ0) = −
(α∗c)
2
6pi
N ln(µ20/M
2), (7)
where N sums over all degrees of freedom that couple
to QCD, and still subject to the requirement µ0 < M .
4Taking αEFTc (µ0) = α
∗
c from the previous approximation
results in
µ0 = M exp
(
− 3pi
Nα∗c
)
. (8)
Provided that α∗c . 3piN−1, Eqn. (8) predicts a natu-
ral hierarchy of scales between µ0 and M . Once SM- and
dark-QCD decouple at the scale µ0, the evolution of their
couplings depends solely on the number of light degrees
of freedom transforming fundamentally under one group
only. This means that, for 100 TeV ' M  µ0, a light
baryon-like state can still be achieved even if just a few
(nfd ' 3) matter fields contribute to the beta function,
thereby causing αd to run more slowly and trigger chiral
symmetry breaking at a lower energy scale. To recapitu-
late,
1. Low α∗c implies large µ0;
2. For α∗c . 3piN−1, one finds µ0  M , allowing for
the relevance of very massive fields;
3. Sufficient nfd (from 1 to 3) can evolve α
∗
d slowly
from the IRFP value at the high scale to the
Cornwall-Jackiw-Tomboulis bound of pi/4 at the
comparatively low GeV scale.
Below we show the plots for the allowed field content of
dark QCD. The blue bars of each histogram indicate the
field indices for which the models passed the three criteria
outlined in the Section III, whereas the violet bars indi-
cate the field indices corresponding to models for which
1
3
(
Ωd
Ωb
)
obs
<
Ωd
Ωb
< 3
(
Ωd
Ωb
)
obs
, (9)
where (Ωd/Ωb)obs indicates the observed value quoted
from the PLANCK collaboration. This factor of three
encapsulates in an approximate sense the spread of
models that are “near” to the actual relic density ratio
observed in the universe today, and how general the
reach of dark QCD is in producing candidates that
could faithfully replicate the matter density observed
in the universe. Though the criterion of Eqn. (9) is not
the most precise experimental constraint that could be
devised, a more rigorous standard would neglect the fact
that the onset of chiral symmetry breaking is a truly
non-perturbative phenomenon — whereas we have used
a perturbative approximation to derive ΛdQCD — and
hence introduces a larger source of error.
When we apply Eqn. (9) to the remaining models, we
find that 2,578 make the cut, or approximately 15.3% -
an O(1) fraction of the total. This suggests an interest-
ing and novel result: for a very diverse range of M , µ0,
and field indices, the dark QCD theory is capable of
producing a DM critical density commensurate with
the observed value. Since this result is independent of
such idiosyncracies as a precise combination of colored,
dark, and bi-fundamental fields, or a narrow range
of the M parameter, we are left to conclude that the
mechanism itself — a confining SU(3)d gauge group
that shares a fixed point with SU(3)c — has some real
explanatory reach. The generality of our results bolsters
the idea that composite, strongly-interacting DM can
provide a natural explanation for the O(1) ratio of dark
and baryonic matter densities observed in the universe.
V. CONCLUSIONS
The composition and interactions of dark matter re-
main a mystery to physics, as does the origin of the
matter-antimatter asymmetry. ADM models provide a
compelling and elegant way to simultaneously create a
matter-antimatter asymmetry and a dark matter com-
ponent with roughly equal number densities. We have
examined in detail one such model, the SU(3)c×SU(3)d
theory of [3], in which the relic dark matter candidate is a
composite state of “quarks” transforming fundamentally
under SU(3)d, and trivially under SU(3)c. Our work
has extended the scope of this ADM model in order to
include decoupling effects due to heavy fields that influ-
ence βc, βd at very high energies. By taking decoupling
effects into account at one-loop order, we can relax the
restriction M = µ0 implicit in [3], thereby opening up a
much broader range of possible mass values for the candi-
date fields to sample. We find the remarkable result that
thousands of models within the dark-QCD framework are
able to produce relic density ratios close to that observed
in our own universe. We are therefore led to conclude
that ADM models of this type — SU(3)c×SU(3)d gauge
group with an infrared fixed point — can account for the
matter density quite naturally, with a broad diversity of
different field types involved.
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Figure 1: Number of models which pass our three criteria (blue), as well as the subset that
comes within a factor of 3 of (Ωd/Ωb)obs (violet), organized by field index.
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Figure 2: Number of models which pass our three criteria (blue), as well as the subset that
comes within a factor of 3 of (Ωd/Ωb)obs (violet), organized by the mass of the heavy
fields M and the decoupling scale µ0.
